In this paper we study a two-phase one-dimensional free boundary problem for parabolic equation, The main feature of this problem consists in the very peculiar structure of the free boundary condition, not allowing to use classical tools to prove well posedness. Local existence is proved using a fixed point argument based on Schauder's theorem. Uniqueness is proved using a non-standard technique based on a weak formulation of the problem.
Introduction
The classical Bingham fluid model (or visco-plastic fluid model) is a constitutive model according to which the material behaves like rigid solid if the applied stress is below a certain threshold (usually called yield stress and denoted by τ o ) and as linear viscous fluid if the stress exceeds that threshold (see [2, 5] ). Drilling muds, waxy crude oils, coal water slurries, toothpaste and ceramics are typical examples of materials that are usually described using the Bingham model.
Even though in some practical cases the Bingham model describes in a satisfactory way the behaviour of certain materials, we remark that considering the solid part as a "rigid" body is not correct and must be seen as a limit case. In other words, we can never have a rigid-fluid transition. For this reason, in previous papers [11, 12] we have extended the classical Bingham model allowing deformability below the threshold. In particular, in [11] we have modeled the "nonfluid" part as a non-linear elastic material, whereas in [12] as a visco-elastic upper convected Maxwell fluid.
The practical interest in models which account for the deformability of the material in its "non-fluid" phase, comes from the need of studying, both theoretically and experimentally, the effects on the flow caused by the deformations of the "solid phase." Such a phenomenon may be, for instance, extremely important in the pipeline flow of waxy crude oils. Indeed, waves can develop at the interface between the "solid phase" and the "liquid phase," influencing, for instance, wax deposition on the pipelines walls.
The mathematical problems emerging from the models presented in [11, 12] are free boundary problems that present a very peculiar coupling between a hyperbolic and a parabolic equation, with non-standard free boundary conditions.
In this paper we focus on the analytical study of a problem (problem (3) defined in Section 2.2) arising from a simplified version of the model generally described in [12] . Such a problem belongs to the broad class of two-phase 1D free boundary problems for the heat equation, but, to the authors' knowledge, is new 1 since it presents a peculiar characteristic: the datum on the free boundary s(t) is not prescribed. In other words, if u and v denote the problem unknown functions on the left and right side of the free boundary we only know that u(s, t) = v(s, t).
The problem, however, is not ill posed, but to prove existence and uniqueness is not trivial. In particular, existence of a classical solution (Section 3) is proved using a fixed point argument based on Schauder's theorem while uniqueness (Section 4) using a non-standard technique based on a weak formulation.
The paper develops as follows: after this introduction we report in Section 2.1 the general mathematical problem and its dimensionless formulation. We then focus on the simplifications that allow to reduce the general problem to the free boundary problem studied in this paper. The latter will be illustrated in Section 2.2 and Sections 3 and 4 are devoted to the analytical study.
Description of the problem
We refer here to the general 3D model discussed [12] . According to such a model, developed in the context of the multiple natural configurations theory (see [18] ), we assume that the body is divided into two domains by a sharp interface whose evolution is not a priori known. We suppose that in one region the material behaves like a linear viscous incompressible fluid, whereas in the other like a visco-elastic upper convected Maxwell fluid (see [17] ). The transition between the viscous and the visco-elastic behavior is governed by a parameter, that we call "transition parameter," related to the mechanical energy and the dissipation rate. If the "transition parameter" exceeds a certain threshold, tied to the yield stress τ o , the continuum behaves as a viscous fluid, otherwise a visco-elastic constitutive equation applies.
In Section 2.1, avoiding all the details (we refer the interested reader to [12] ), we report the equations relative to the simple case of a channel flow driven by a pressure gradient (Poiseuille flow in planar geometry). The flow in the viscous domain is governed by a parabolic equation, while in the visco-elastic domain by a hyperbolic equation with a dissipative term (telegraph equation). We then write the problem in a dimensionless form identifying five dimensionless characteristic numbers (denoted by χ 1 , . . . , χ 5 ) whose physical meaning is illustrated in [12] .
The mathematical problem, studied in this paper, is defined in Section 2.2. In particular, we will see that such a problem is a simplification of the general model since can be derived by the general one if some conditions on the order of magnitude of the characteristic numbers hold.
Finally, the quasi-stationary version of the problem is analyzed in Section 2.3.
The general problem for a channel flow
We assume that the fluid is confined between two parallel planes (channel flow) y = L and y = −L and that the flow is driven by a known, constant in time, pressure gradient.
Denoting with y = ±s(t) the surfaces separating the domains where different rheological constitutive equations applies, we assume that inside the inner part of the channel (−s(t) < y < s(t)) the fluid behaves as a visco-elastic upper convected Maxwell fluid, whereas in s(t) < y < L and in −L < y < s(t) as a linear viscous fluid (see [12] ). Due to symmetry reasons we confine ourselves to the upper part of the channel.
The flow is directed along the x coordinate and is a function of the spatial coordinate orthogonal to x, namely y, and of the time t. The velocity field ν is thus expressed by
u(y, t) e x , 0 < y < s(t) (visco-elastic region).
Following [12] the problem to be solved is
where ρ is the fluid density, η is the viscosity, f o the pressure gradient, τ o the stress threshold, μ is the elastic modulus and v o (y), u o (y) are the initial data.
Introducing the dimensionless variables
and the characteristic times
and omitting the "tildas" (1) rewrites
where
are the characteristic numbers of the problem. We remark that the above model is not a 1D flow model for two immiscible fluids separated by an unknown surface (as the one presented in [3] , for instance). In our model, the channel is filled up by a single fluid whose rheological behavior changes according to the mechanical energy dissipation regime.
The mathematical problem
Problem (2) is a free boundary problem involving a parabolic and a hyperbolic equation. To prove well posedness of such a problem is not an easy task and is beyond the aim of this work. We confine ourselves to a simplified version of (2) considering the case in which:
A u t h o r ' s p e r s o n a l c o p y
If the above conditions applies, problem (2) acquires the form
where χ 1 has been normalized to 1 and χ 4 = T 2 e . Problem (3), although similar to a two-phase free boundary problem of Stefan type, presents the following characteristics:
(
1) The values of u and v are not prescribed on the free boundary s(t). On the free boundary we only know that u(s(t), t) = v(s(t), t). (2) One of spatial derivatives (i.e., v y ) is known on s(t). (3)
The free boundary evolution equation (3) 9 is the Stefan law but the signs are inverted.
The above peculiarities, preventing the use of the classical results of [9] or [14] for proving existence and uniqueness, make the problem quite interesting. The rest of the paper is devoted to its analysis.
A trivial case: The quasi-stationary approximation
Let us assume that χ 1 , χ 3 1, that is equivalent to choosing a time scale T max{T e , T v }.
which is nothing but the quasi-stationary version of (3). Problem (4) is easily integrable, obtaining 
Integrating (5) we get
is a decreasing function of time with
If χ 2 > s o , we may have two different cases. The first is χ 2 > 1. In such a situation there is a finite time t o in which the outer region s(t) < y < 1 disappears and the flow becomes a Poiseuille flow for a linear viscous fluid. In the second case, namely χ 2 < 1, the two regions persist in the channel for every time t. In particular, if χ 2 < 1, the asymptotic profile
while, if χ 2 > 1, we have the classical formula
Problem (3): Existence of a classical solution
In this section we shall study problem (3) under some specific assumptions for the data. We begin by reformulating problem (3) for the new dependent variables
and
The inverse of (6) and (7) are
A u t h o r ' s p e r s o n a l c o p y
We notice that assuming enough regularity problems (3) and (9) are equivalent.
We begin the analysis of problem (9) by giving an integral formulation for the free boundary evolution equation. Then we shall prove the local existence of a classical solution.
Basic definitions and integral formulation of the free boundary equation
Let us define 
t ). (iv) w(y, t), z(y, t), s(t) satisfy all the equations of problem (9).
Applying Green's identity 
A u t h o r ' s p e r s o n a l c o p y
which is the integral formulation of the free boundary condition. It is straightforward to prove the following 
Lemma 2. If a triple of functions (w(y, t), z(y, t), s(t)) is such that:
(ii) The triple satisfies points (ii)-(iv) of Definition 1.
(iii) The triple satisfies problem (9) , where (9) 9 has been replaced by (10).
Existence of a classical local solution
We shall show the existence of a solution to problem (9) 1 -(9) 8 , (10) and (9) 10 using a technique based on Schauder's fixed point theorem. We select s(t) in a suitable set S and solve the parabolic problems for z and w. Then we map s to a new function σ by means of the following equation:
Before going through this procedure we explicitly state the assumptions on the initial and boundary data.
Assumptions on the data and the set S Let us definė
We suppose that the initial data satisfy the following conditions:
A u t h o r ' s p e r s o n a l c o p y
Let us define the set S consisting of
where A and B (as well as T ) are positive constants to be determined. S is the set of continuous functions with Hölder first derivative with exponent l. In particular we consider
so that ∀t ∈ [0, T ] we have
The set S is compact, closed and convex with respect to the norm
The reduced problem
Let us select a function s(t) ∈ S and study the solvability of the following problem (16) in the time interval [0, T ], with T given by (13) . Under the hypotheses on the data we made, classical results for parabolic equations (see for instance [15] ) ensure that there exists a unique solution z(y, t) ∈ C 2,1 (D II s,T ). Fulfillment of (16) up to the parabolic boundary is due to compatibility condition (A7).
We remark that, e.g., from Corollary 2 of [6] and hypothesis (A4), it follows
where Z > 0 is a constant that depends only upon max{ v o ; χ 2 }. We remark also that, once z(y, t) is determined, we explicitly know w(s(t), t) because of (9) 8 . From hypothesis (A3) and compatibility conditions of order 1 (A7), following for instance the results of [7] , there exist positive constants C 2 and C 3 depending on the data and T such that
z yt s(t), t C 2 (19) for all t ∈ [0, T ].
A u t h o r ' s p e r s o n a l c o p y
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For w(y, t) we have the following problem:
The existence of a unique w(y, t) ∈ C 2,1 (D I s,T ) solution of problem (20) is proved using the same standard results of [15] , and using the compatibility conditions of order 1 (A6). We remark that d dt w
s(t), t = z s(t), t ṡ(t) + z y s(t), t = −χ 2ṡ (t) + z y s(t), t
Following again the results of [7] we can prove that
where C 4 is a positive constant depending on the data and T .
The function σ (t)
We now show that for an appropriate choice of constants A, B and time T the function σ (t), given by (11), belongs to S.
Of course σ (t) ∈ C 1 [0, T ], so that taking the time derivative on both sides of (11) we geṫ
Following results of Section 3 of [7] we can prove some inequalities. First
yielding (see [4] )
.
A u t h o r ' s p e r s o n a l c o p y
Thus, in order to estimate |w y (s(t), t)| we need estimates for z(s, t) t and z y (s, t) t . The latter can be obtained using (17) , while the former applying again the results of [7] . Always following [4] z y s(t), t
where 2
Summarizing we can write
T , where
Recalling (24) we get the bound
Concerning the properties of function F (A, T ) we have 3
We therefore conclude that there exist positive T * and A * such that for all
we get |σ (t)| A * , for all t ∈ [0, T ]. Thus selecting A and T as in (29) we have that |σ (t)| A for all t ∈ [0, T ]. Finally we prove that we can select a suitable B such that ifṡ(t) is Hölder continuous of order l and norm B, then so isσ (t). We know that
Recalling estimate (23) we get
where, of course, C 5 depends on T . Thus if we select A and T as in (29) and B = C 5 then σ (t) ∈ S. We have proved the following proposition.
Proposition 4. Given s ∈ S, with (A, T )
given by (29) and with B = C 5 given by (30), the function σ (t) defined by (11) belongs to S.
3.2.4.
The operator Φ Equation (11) defines an operator Φ mapping S into itself, such that Φ(s) = σ . To prove existence in the selected time interval we make use of Schauder's theorem (see [13] ). Since S is compact, convex and closed, and the operator Φ maps S into itself, we only have to prove that Φ is continuous in the topology induced by norm (15) .
Let us take two functions s 1 , s 2 ∈ S and consider the difference σ = σ 1 − σ 2 , where σ i = Φ(s i ) (i = 1, 2). Recalling (11) we get
where w i and z i (i = 1, 2) are the solutions corresponding to s i (t). Integrating by parts and taking the absolute value yields
We observe that, because of (9) 8 and (16) 
A u t h o r ' s p e r s o n a l c o p y
Therefore recalling (17) and (27) 
and applying Theorem 3.1 of [7] 
with C 8 depending also on T . Further, exploiting again (9) 8
We now use Corollary 3.3 of [7] , which provides a stability result with respect to the moving boundary. We get
and so
By the same token we also have
Combining estimates (33)- (38) into (31) we finally obtain
Since
by Theorem 7.2 of [7] there exists a constant C 13 depending also on time such that
that yields
Summing up (39) and (42) we get
which ensures the continuity of the operator Φ in the norm (15 
Remarks about the sign of solutions
Let us consider problem (16) . Recalling inequalities (17) , (16) 3 , hypotheses (A3), (A4) and the parabolic version of Hopf's lemma, we conclude that
Recalling (21) we write
Inequality (44) yields
Now, we may set W = w y in problem (9) and observe that W solves the problem Further, using maximum principle we may also prove that u(y, t) 0 and v(y, t) 0 in their respective domain of definition. Of course this is consistent with the physical problem of the flow in the channel.
Uniqueness
Following [1, 16, 19] , we introduce the function 
Consider now a function ϕ(y, t) with the following property:
with first derivatives which may have a jump discontinuity on the line t = k < T .
It is easy to prove that 
E(y, T )ϕ(y, T ) dy,
where E o (y) = E(y, 0). Now, let us select ϕ(y, t) satisfying property (P1) and such that: 
